Super-exponential diffusion in nonlinear non-Hermitian systems by Zhao, Wen-Lei et al.
ar
X
iv
:2
01
0.
01
97
5v
1 
 [n
lin
.C
D]
  5
 O
ct 
20
20
Super-exponential diffusion in nonlinear non-Hermitian systems
Wen-Lei Zhao,1, ∗ Longwen Zhou,2, † Jie Liu,3, 4, ‡ Peiqing Tong,5, 6, § and Kaiqian Huang7
1 School of Science, Jiangxi University of Science and Technology, Ganzhou 341000, China
2 Department of Physics, College of Information Science and Engineering,
Ocean University of China, Qingdao, China 266100
3 Graduate School of China Academy of Engineering Physics, Beijing 100193, China
4 CAPT, HEDPS, and IFSA Collaborative Innovation Center of the
Ministry of Education, Peking University, Beijing 100871, China
5 Department of Physics and Institute of Theoretical Physics,
Nanjing Normal University, Nanjing 210023, China
6 Jiangsu Provincial Key Laboratory for Numerical Simulation of Large Scale Complex Systems,
Nanjing Normal University, Nanjing, Jiangsu 210023, China
7 Guangdong Provincial Key Laboratory of Quantum Engineering and Quantum Materials,
SPTE,South China Normal University,Guangzhou 510006,China
(Dated: October 6, 2020)
We investigate the quantum diffusion of a periodically kicked particle subjecting to both nonlin-
earity induced self-interactions and PT -symmetric potentials. We find that, due to the interplay
between the nonlinearity and non-Hermiticity, the expectation value of mean square of momentum
scales with time in a super-exponential form 〈p2(t)〉 ∝ exp[β exp(αt)], which is faster than any
known rates of quantum diffusion. In the PT -symmetry-breaking phase, the intensity of a state in-
creases exponentially with time, leading to the exponential growth of the interaction strength. The
feedback of the intensity-dependent nonlinearity further turns the interaction energy into the kinetic
energy, resulting in a super-exponential growth of the mean energy. These theoretical predictions
are in good agreement with numerical simulations in a PT -symmetric nonlinear kicked particle. Our
discovery establishes a new mechanism of diffusion in interacting and dissipative quantum systems.
Important implications and possible experimental observations are discussed.
Introduction.— Diffusion of particles is of fundamental
importance in many disciplines of physics, e.g., statisti-
cal physics and condensed matter physics. Its mechanism
governs the conductivity of electrons [1], the spin trans-
port [2], the heat transfer [3], and the Fermi acceleration
of cosmic ray particles [4–8], just to name a few. In clas-
sical domain, a seminal result of the random motion of
Brownian particles is normal diffusion [9], which is char-
acterized by the linear growth (∝ t) of the second mo-
ment of observable. Quantum mechanically, the random
diffusion of microscopic particles in disordered potential
is totally suppressed by quantum interference, leading
to the well-known Anderson localization (AL) [1]. Its
analog in momentum space is the dynamical localization
(DL) (see the L-H zone in Fig. 1), which occurs in chaotic
systems periodically driven by impulsive fields [10–14].
In Hermitian case, periodically-driven systems exhibit
interesting diffusion behaviors, such as power-law diffu-
sion ∝ tη [15] and exponential diffusion ∝ eγt [16, 17] (see
the L-H zone in Fig. 1), which are originated from the
quantum resonance. In the past two decades, extensive
studies have been concentrated on the diffusion process
in complex systems, where the disorder and nonlinearity
may coexist [18–24]. Nonlinear effects appear in a broad
range of systems, for instance the Bose-Einstein conden-
sates [25] and the nonlinear optics [26]. Up to now, a
wide spectrum of diffusion processes, from power-law dif-
fusion [27–34] to exponential diffusion [35–38] have been
found in nonlinear systems (see the NL-H zone in Fig. 1).
A common condition of for the appearance of these dif-
fusion processes is the assumption of Hermiticity of quan-
tum mechanics. Even without Hermiticity, a new class
of system with PT symmetry possesses the real eigen-
values as well [39–41]. The non-Hermitian Hamiltonian
can be used to describe non-equilibrium relaxation prob-
lems [42], optical transport in lossy media [43, 44], and
open quantum systems [45]. Thus it has been a subject
of extensive theoretical [46–52] and experimental stud-
ies [53–60]. The non-Hermitian extension of Floquet-
driven systems stimulates fruitful studies on the quantum
diffusion behavior, where DL phenomenon and ballistic
diffusion have been reported [61] (see the L-NH zone in
Fig. 1). In this context, the quantum diffusion in a sys-
tem with non-Hermiticity and nonlinearity deserves ur-
gent investigations [62–69].
In this work, we investigate the wavepacket dynamics
in a Floquet system, where both the PT -symmetry and
nonlinearity are periodically modulated in time. In the
broken PT -symmetry phase, for which the quasi-energies
become complex, the wavepackets diffuse in a way that
the mean square of momentum is the exponent of expo-
nent of time, i.e., 〈p2(t)〉 ∝ exp[βeαt]. To the best of our
knowledge, this is the first report of a super-exponential
diffusion (SED). The underlying physics is due to the co-
existence of two facts: i) the exponentially-fast growth of
the intensity of wave function due to the non-Hermiticity;
ii) the positive feedback mechanism of the intensity-
dependent nonlinearity. Our theoretical prediction of the
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FIG. 1: Schematic diagram for quantum diffusion in different
situations. Left half-plane: linear (L) zone; Right half-plane:
nonlinear (NL) zone; Lower half-plane: Hermitian (H) zone;
Upper half-plane: non-Hermitian (NH) zone.
law of the SED is consistent with numerical results.
Model.—The system we consider is a quantum kicked
particle in an infinite square well [70, 71]. We make an
extension to the PT -symmetric kicking potential which,
in contrast to Hermitian kicking, induces exotic trans-
port behaviors [63, 72]. The interatomic interaction is
described by a mean-field nonlinear term, which is tem-
porally modulated by delta kicks. The Hamiltonian in
dimensionless units reads
H =
p2
2
+V (x)+VK(x)
∑
n
δ(t−n)+HI
∑
n
δ(t−n) , (1)
where
V (x) =
{
0 if |x| < L
2
,
+∞ otherwise,
(2)
VK(x) = K [cos(x) + iλ sin(x)] , (3)
and
HI = g0|ψ(x, t)|
2 . (4)
Here p = −i~eff∂/∂x is the momentum operator, x is the
coordinate, and ~eff denotes the effective Planck constant
with the commutation relation [x, p] = i~eff. The param-
eter L controls the width of the infinite square well. In
the kicking potential VK(x), the parameter K indicates
the strength of its real part, and λ is the strength of
its imaginary part. The parameter g0 controls the non-
linear interaction strength. It is worth noting that the
delta-kick nonlinearity induces rich physics, such as ex-
ponential instability [35–38] and dispersionless dynamics
of wavepackets [73], which are absent in systems with
static nonlinear interactions [74]. In addition, this kind
of system with rigid boundary condition has served as a
prototype for investigating the Fermi acceleration of par-
ticles in a a cosmic ray in astrophysical plasmas [4–8].
Therefore, the PT -symmetric extension of this system is
of broad interest.
Let |ϕn〉 be the eigenstate of the unperturbed Hamil-
tonian H0 = p
2/2 + V (x), with H0|ϕn〉 = En|ϕn〉. In
the representation of |ϕn〉, an arbitrary state can be
expressed as |ψ(t)〉 =
∑+∞
n=0 ψn(t)|ϕn〉, with ψn(t) be-
ing the component of the eigenstate |ϕn〉. The ini-
tial state is taken as the ground state, i.e., ψ(x, 0) =√
2/L cos(pix/L). The time evolution of quantum state
over a period is governed by |ψ(t + 1)〉 = U |ψ(t)〉. Due
to the periodic kicking, the Floquet operator has the ex-
pression U = UfUK where the kicking evolution operator
is UK = exp [−iVK(x)/~eff − iHI(x, t)/~eff], and the free
evolution operator is Uf = exp(−ip2/2~eff). Without loss
of genelarity, we consider the case with L = 2pi, for which
the particle can experience the kicking potential of a full
period of 2pi.
Numerical simulations.—A commonly used quantity
to characterize the quantum diffusion in momentum
space is the expectation value of kinetic energy
〈p2(t)〉 =
∑
n
p2n|ψn(t)|
2/N , (5)
where the norm of the quantum state is N (t) =∑
n |ψn(t)|
2. This quantity coincides with the expecta-
tion value of kinetic energy up to a factor of 1/2. Note
that in the phase that breaks the PT -symmetry, the
normN (t) could increase exponentially with time. Thus,
the above definition of expectation value drops the con-
tribution of the norm N (t).
In the present work, we investigate both numerically
and theoretically the time dependence of the mean ki-
netic energy 〈p2(t)〉. We consider the case that the sys-
tem is in the PT -symmetry-breaking phase, which is
guaranteed by setting the value of the imaginary part
of kicking potential to be sufficiently large. Figure. 2(a)
shows that, for g0 = 0, the mean kinetic energy is sup-
pressed during the time evolution, which is just the phe-
nomenon of DL. Interestingly, for a specific value of the
nonlinear strength (e.g., g0 = 0.1), the mean kinetic en-
ergy follows that of the linear case g0 = 0 for time smaller
than a threshold value tc, beyond which it increases in
a super-exponential way. Such an intrinsic phenomenon
occurs even if the nonlinear strength is very small e.g.,
g0 = 10
−7. More importantly, we theoretically find the
law of the super-exponential growth of mean kinetic en-
ergy
〈p2(t)〉 ≈ exp
(
βeαt
)
, (6)
with α ∝ Kλ/~eff and β ∝ g20. As a further step, we nu-
merically calculate the growth rate α for different λ, as
shown in Fig. 2(c). One can see that the growth rate α in-
creases linearly with λ. Moreover, its change with respect
to g0 is negligible, coinciding with our theoretical predic-
tion that α ∝ Kλ/~eff. The corresponding probability
distribution in eigenstate space is shown in Fig. 2(b),
which demonstrates the exponentially decayed profile,
3i.e., |ψn|2 ∝ exp(−n/ξ) with ξ being the localization
length. Taking into account 〈p2(t)〉 ∝ ~2effξ
2, the local-
ization length will increase in the super-exponential way,
which is dramatically different from the phenomenon of
the DL.
From Fig. 2(a), one can also see that the threshold
time tc for the appearance of the SED decreases with the
increase of nonlinear strength g0. Numerical results of
tc for different g0 are depicted in the inset of Fig. 2(d),
which demonstrates the good agreement with the ana-
lytical formula in Eq. (10). To further confirm our an-
alytical analysis, we numerically investigate the growth
rate D of tc for different λ. The numerical results are
in good agreement with the theoretical prediction, i.e.,
D = −~eff/(2Kλ) [see Fig. 2(d)]. We want to stress
that we have also numerically investigated the system
with the periodic boundary condition, which is just the
PT -symmetric extension of the kicked rotor model. This
system exhibits the same SED, which can be predicted
by our theory as well. Thus, the SED is expected to be
a universal phenomenon induced by the coexistence of
non-Hermiticity and nonlinearity.
Theoretical analysis.— We concentrate on the case
of PT -symmetry-breaking phase, i.e., Kλ/~eff ≫ 1,
for which the norm exponentially increases with time
N ≈ exp(Kλt/~eff). As an estimation, we analyze
the time evolution of the quantum state at the point
x0 = pi/2, which corresponds to the maximal value of
imaginary part of the kicking potential, i.e., Vi(x0) =
Kλ sin(x0) = Kλ. After several kicking periods, the
quantum state is extremely centered at x0, since the ac-
tion of the the imaginary kicking term of the Floquet op-
erator U iK(x0) = exp(Kλ/~eff) on a quantum state can
greatly amplify the probability amplitude of the state in
x0 if Kλ/~eff ≫ 1. Accordingly, the time evolution of
the probability amplitude for x0 = pi/2 is approximately
given by
|ψ(x0, t)|
2 ∝ N (t) ∝ exp
(
2
Kλ
~eff
t
)
|ψ(x0, 0)|
2 . (7)
As a consequence, the nonlinear interaction strength in-
creases exponentially as,
g0|ψ(x0, t)|
2 ∝ g0|ψ(x0, 0)|
2 exp
(
2
Kλ
~eff
t
)
. (8)
In this system, there is a competition between the non-
Hermitian kicking potential and the nonlinear interac-
tion. The non-Hermitian kicking potential leads to local-
ization. Meanwhile, the nonlinear interaction destroys
the localization. At the initial time, the nonlinear in-
teraction at x0, i.e., g0|ψ(x0, 0)|
2 is much smaller than
the imaginary part of the non-Hermitian kicking poten-
tial. Thus, during the short-time evolution, the dynamics
of this system is governed by the non-Hermitian kicking
potential. When the nonlinear interaction strength ex-
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FIG. 2: (a) Time dependence of the mean energy 〈p2〉 for
λ = 0.05 with g0 = 0 (squares), 10
−7 (circles), 10−4 (tri-
angles), and 0.1 (diamonds). Dashed lines (in red) denote
the fitting function of the form 〈p2〉 ≈ exp
(
βeαt
)
. Arrows
mark the threshold time tc for the appearance of the super-
exponential diffusion. (b) Probability density distribution in
eigenstate space with λ = 0.05 and g0 = 0.1 at times t = 10
(black curve) and 12 (blue curve). Dashed lines (in red) in-
dicate the exponential profile of the form |ψn|
2 ∝ exp(−n/ξ)
with ξ being the localization length. (c) The growth rate α of
the mean energy versus λ for g0 = 0.1 (squares), 10
−3 (circles)
and 10−5 (triangles). Red line indicates our theoretical pre-
diction α ∝ Kλ/~eff in Eq. (14). Other parameters areK = 5,
~eff = 0.5, and L = 2pi. (d) The growth rate |D| versus λ with
K = 5 for ~eff = 0.5 (circles) and 0.25 (squares). Red lines in-
dicate the theoretical prediction |D| = ~eff/(2Kλ) in Eq. (10).
Inset: the threshold time tc versus ln(g0) for K = 5, λ = 0.5
and ~eff = 0.1. Solid line indicates our theoretical prediction
in Eq.(10).
ceeds the imaginary kicking strength, the effects of non-
linear interaction dominate the dynamical behavior of
the system, and consequently causing the appearance of
the SED. It is hence straightforward to get the threshold
time tc by
g0|ψ(x0, t)|
2 = Kλ . (9)
Combining Eqs.(8) and (9) yields the relation
tc ∝ −
~eff
2Kλ
ln(g0) +
~eff
2Kλ
ln
(
Kλ
|ψ(x0, 0)|2
)
, (10)
which is confirmed by our numerical results [see the inset
of Fig. 2(d)].
Next, we evaluate the time dependence of the mean
kinetic energy. Previously, we developed a hybrid
quantum-classical (HQC) theory to explain the exponen-
tial diffusion induced by temporally-modulated nonlinear
interactions [37, 38]. Here, we make an extension of the
4theory to systems with non-Hermiticity. Our HQC the-
ory predicts an iterative equation of energy
〈p2(t+ 1)〉 ≈ 〈p2(t)〉+ Cg2(t)〈p2(t)〉 , (11)
where the time-dependent nonlinear interaction strength
is defined as g(t) = g0|ψ(x, t)|2, and C is an unimpor-
tant constant. As an estimation, we use |ψ(x0, t)|2 to
replace |ψ(x, t)|2, which is reasonable since |ψ(x0, t)|
2 ac-
counts the maximal contribution. Substituting Eq. (8)
into Eq. (11) yields
〈p2(t+ 1)〉 ≈ 〈p2(t)〉+ Cg20 exp
(
4Kλt
~eff
)
〈p2(t)〉 . (12)
In the continuous-time limit, the above equation yields
d ln(〈p2〉)
dt
≈ Cg20 exp
(
4Kλt
~eff
)
. (13)
Therefore, the time dependence of the mean kinetic en-
ergy takes the form
〈p2(t)〉 ∝ exp
[
g20 exp
(
4Kλ
~eff
t
)]
. (14)
The validity of our theoretical prediction is confirmed by
the numerical results of the growth rate of mean energy,
i.e., α ∝ Kλ/~eff [see Fig. 2(c)]. We want to stress that
our study focuses on the regime away from quantum res-
onance, i.e., ~eff 6= 4pir/s with r and s coprime integers.
Although in the quantum main-resonance case ~eff = 4pi,
the intensity of the quantum state increases in the way
of Eq. (8), the mean square of momentum does not obey
the iterative equation in Eq. (11). As a consequence, the
quantum diffusion is not super-exponentially fast. We
will leave the quantum diffusion in quantum resonance
situation for further investigation.
FIG. 3: Schematic illustration of our proposed optical sys-
tem with multilayer media, where the blue layers denote Kerr
media and the gray layers represent the phase gratings.
Experimental realization.— As a further step, we pro-
pose an optical setup to emulate the wave dynam-
ics described by the Hamiltonian in Eq. (1). Optical
waveguides provide an ideal platform for the observa-
tion of the wavepacket transport in PT -symmetric sys-
tems [62, 65, 75–80]. Under the paraxial approxima-
tion, the propagation of light is governed by an equa-
tion mathematically equivalent to the Schro¨dinger equa-
tion [81, 82], where the longitude dimension of light mim-
ics the time variable. We consider an optical system
consisting of a periodic sequence of multilayers of phase
gratings and Kerr media in the propagation direction
(see Fig. 3), which is a modification of the realization
of kicked rotor model using optical settings [61, 83–85].
It was proposed that the effect of sinusoidal and quarter-
wave-shifted gratings is described by the PT -symmetric
potential, which means that these gratings introduce the
“gain-or-loss” mechanisms to the system [61]. The Kerr
effects of media induces a intensity-dependent nonlinear
term in Eq. (1). To realize the delta kicks in time, both
the sizes of the phase grating and Kerr media in the
propagation direction z should be much smaller than the
period of the optical sequence. The light is trapped in
transverse dimension by waveguides, which resembles the
reflective boundary condition of an infinite square well
in Eq. (1). The propagation of light in such an optical
system is governed the Hamiltonian in Eq. (1). There-
fore, our finding of the SED is within reach of current
experiments and may shed new light on the fundamental
problems of quantum diffusion.
Summary.— We investigate, both numerically and an-
alytically, the SED in a PT -symmetric kicking system.
The underlying physics of such an intrinsic phenomenon
is the positive feedback mechanism of the nonlinear-
ity, which turns the exponential-growth of intensity of
wavepackets in the PT -symmetry-breaking phase into
the kinetic energy. Our theoretical prediction of the
threshold time for the appearance of the SED and the
law of SED are in good agreement with numerical re-
sults. This novel behavior is of particularly importance
in the field of Fermi acceleration, where the process for
accelerating cosmic ray particles to large energy scales is
still an open question [5, 86].
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